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Abstract 

More then forty years ago R.I. Pimenov introduced a new geometry - 
semi-Riemannian one — as a set of geometrical objects consistent with a 
fibering pr : M n — > M m . He suggested the heuristic principle according 
to which the physically different quantities (meter, second, coulomb etc.) 
are geometrically modelled as space coordinates that are not superposed by 
automorphisms. As there is only one type of coordinates in Riemannian 
geometry and only three types of coordinates in pseudo-Riemannian one, 
a multiple fibered semi-Riemannian geometry is the most appropriate one 
for the treatment of more then three different physical quantities as unified 
geometrical field theory. 

Semi-Euclidean geometry 3 i?| with 1-dimensional fiber x 5 and 4-dimensional 
Minkowski space-time as a base is naturally interpreted as classical elec- 
trodynamics. Semi-Riemannian geometry 3 V^ 4 with the general relativity 
pseudo-Riemannian space-time 3 V 4 , and 1-dimensional fiber x 5 , responsible 
for the electromagnetism, provides the unified field theory of gravitation and 
electromagnetism. 
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Unlike Kaluza-Klein theories, where the 5-th coordinate appears in non- 
degenerate Riemannian or pseudo-Riemannian geometry, the theory based 
on semi-Riemannian geometry is free from defects of the former. In partic- 
ular, scalar field does not arise. 

PACS: 04.50.Cd, 02.40.-k, ll.10.Kk 

1 Introduction 

The old problem of geometrical unification of gravity and electromagnetism 
goes back to the Kaluza-Klein theory [TJ [2] , where electromagnetism is de- 
scribed by curvature in an extra spacelike dimension, i. e. the fifth coordinate 
is introduced in pseudo-Riemanian geometry. However the physical dimen- 
sion of electromagnetism is different from the dimension of space, further- 
more the fifth dimension is not observed as part of our everyday lives. To 
overcome last difficulty, the fifth dimension is supposed to be cyclic with 
very small radius. In addition there is also restriction on the set of trans- 
formations under which the theory is invariant. Indeed rotation in a plane 
spanning the fifth coordinate x 5 and some space coordinate x 

x = x cos tp + x 5 sin ip, x' = x 5 cos tp — x sin (p, 

immediately leads to the dependence of space-time coordinates on the fifth 
dimension what is obviously unsatisfactory. Moreover an additional scalar 
field arises in Kaluza-Klein type theories OH], which makes Coulomb po- 
tential everywhere regular. 

Nevertheless the problem of unification gravitation with electromag- 
netism in the framework of one geometry is still actual. This may help to 
incorporate some other interactions (weak interaction is the first candidate) 
in one geometrical picture. To overcome the disadventages of Kaluza-Klein 
theory the fibered semi-Riemannian geometry with degenerate metrics need 
be used. 

The purpose of this paper is to explain the basic notions of semi-Riemannian 
geometry and to demonstrate on the example of Pimenov theory of gravita- 
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tion and electromagnetizm how different physical quantities may be unified 
with the help of this geometry. 

More then forty years ago R.I. Pimenov suggested [5]-[7] a unified the- 
ory of gravitation and electromagnetism where both fundamental interac- 
tions are naturally incorporated into the five dimensional semi-Riemanian 
geometry with degenerate metric. This theory is free from disadvantages of 
Kaluza-Klein type theories. Mathematical definition of multi-fibered semi- 
Riemanian geometry of arbitrary dimension was given by R.I. Pimenov [8]- 

ma. 

5-dimensional semi-Riemanian geometry can be formulated in a tradi- 
tional way with the help of a real geometrical objects such as coordinates, 
components of metric tensor etc. as well as can be obtained from Riemanian 
geometry with the help of nilpotent fifth coordinate [7]. 

Recently [12J gravitation and electromagnetism have been unified in the 
five dimensional space with degenerate metric and nilpotent fifth coordinate. 
But the scalar field is presented in this theory and Coulomb potential is 
regular at small distance. 

2 Geometrical modelling of a physical quantities 

Geometrical modelling of physical quantities is understood as unification of a 
different physical quantities (meter, second, coulomb etc.) within the frame- 
work of one geometry. Let us start with the simplest case of 2-dimensional 
space. 

For a bundle of lines through a point in a plane one of the three possi- 
bilities is realized [11] (see Fig. [[]): 

I. Any line of the bundle is postulated. 

II. There is one non postulated (isolated) line in the bundle. 

III. There are two or more non postulated lines in the bundle. 

The property of line to be postulated is conserved by the plane auto- 
morphisms. 
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Postulate I leads to the Euclidean geometry in the plane. Any two lines of 
the bundle are superposed by rotations around the point. This means that 
only one physical quantity can be modelled by Euclidean geometry. The 
same is true for n-dimensional Euclidean space. Very often lines of Euclidean 
geometry are interpreted as a space length, i. e. [x 1 ] = . . . = [x n ] = [length]. 

Postulate III leads to the pseudo-Euclidean geometry in the plane, where 
there are three types of lines: with positive, negative and zero length. These 
types of lines are not transformed to each other by rotations around the point 
(Lorentz transformations). Therefore only three different physical quantities 
can be incorporated in pseudo-Euclidean geometry. For kinematical inter- 
pretation these are time-like, space-like and light-like lines. The same is true 
for n-dimensional pseudo-Riemannian space. 

Postulate II leads to the fibered semi-Euclidean (or Galilean) geometry 
in the plane which is defined by the projection pr with one dimensional base 
{t} and one dimensional fiber {x} . This plane is interpreted as classical 
(1+1) kinematics with absolute time t and absolute space x. Rotations (or 
Galilei boosts) superpose any two time-like lines but don't superpose time- 
like lines with space-like line. Two different physical quantities (space and 
time) are modelled by two types of lines on the semi-Euclidean plane. 

Semi-Riemanian geometry is a fibered geometry with degenerate metric. 
If the base of semi-Riemanian space has Euclidean geometry then the num- 
ber of line types remains the same under the adding of extra dimensions 
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to the base. If it has pseudo-Riemanian geometry then only one additional 
type of line with nonzero length appears. This exhausts all posibilities for 
incorporating new physical quantities. 

Different situation takes place when adding extra dimensions to the fiber. 
Riemanian, pseudo-Riemanian or semi-Riemanian geometry can be realized 
in the fiber. For example, if the fiber {x, y} has semi-Riemanian geometry 
then there is projection pr^ with the base {x} and the new fiber {y} . So the 
third type of line appears in this geometry and it gives an opportunity for 
modelling some third physical quantity [y] 7^ [t] 7^ [x]. 




Figure 2: Types of lines in twice fibered space. 



Similar algorithm for construction of multi-fibered spaces can be applied 
without limit. In other words, multi-fibered geometry with the subsequently 
enclosed projections can be successfully used for incorporating of any num- 
ber of physical quantities in one geometry. 

The above examples illustrats the heuristic principle [7\: quantities 
with different physical dimensions cannot be geometrically super- 
posed by automorphisms. 



3 Semi-Riemannian geometry 3 F 5 4 as space-time - 
electromagnetism 

3.1 Definition of semi-Riemannian space 3 V r 5 4 

The semi-Riemannian space 3 V r 5 4 is described by the projection pr : 3 V§ — > 3 
V4 with 4-dimensional base and one-dimensional fiber {x 5 } . Pseudo- 
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Riemannian geometry with the nondegenerate metrics g^ u , fj,, v = 1,2,3,4 

of signature (H ) is set in the base. It follows from consistency with 

fibering that components g^ u depend on base coordinate x ,...,x . Met- 
rics in the fiber is defined by the component 355 7^ depending on all 
coordinates x , . . . ,x 5 . This component can be regarded as a scale for fifth 
coordinate. Remaining components 3^5 (x 1 , . . . , x 5 ) = g^{x , . . . , x 5 ) define 
the 4-distribution 

w = {g a5 dx a = 0} , (1) 

which is transversal to the fiber. As a result the metric flagtensor of the 
semi- Riemannian space 3 V§ has the form g a p = (3^,3^5,355) • 

Coordinate transformations consistent with the fibering can be written 

as 

y x 5 ' = f 5 ' (x 1 , . . . , x 4 ,x 5 ) 

(Dg) = ( ^ ^ ) , det(^') + 0, Dl' * 0, (3) 

where = dpx a ' . The metric flagtensor g af3 = (3^,3^5,355) is trans- 
formed under (|2]),([3|) by the formulas 

V' = 9^V^Vl,, 35/5/ = g^V%V%, 

35V = 9^ V %K' + 9^ V l' V \> ■ ( 4 ) 
Here and below summation on repeating indices to be understood. It is 
always possible to make 355 = 1 by the scale changing V% = = -7==; 
assuming this, we have (P|, = X>| = 1) 

35>' = 9^VlV», + 355^ 5 5 '^' = 35^' + Z>5' • (5) 

If one assumes that in the base, which is interpreted as space-time, noth- 
ing happens, i.e. T>^, = 8^,, then the transformations of metric flagtensor 
components 35^ = 3^5 look like adding arbitrary function gradients 

35m 1 — '95^ + d^x 5 , g^ 1 — >gf,5 + d^x 5 . (6) 
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Invariants of semi-Riemannian geometry 3 V^ 4 are pseudo-Riemannian 
length in the base 

ds = \Jg^dx^dx u , (7) 
and Euclidean length in the fiber 



dsp) = \Jg 55 dx 5 dx 5 = \dx 5 \ (with 555 = 1). (8) 

As far as the angle between general position vector dx = (dx M , cfa 5 ) and 
fiber vector 5x = (0, Sx 5 ) equals infinity, the supplemental angle ip is taken 
as the third invariant 

dx^ dx 5 , , 

ip is the angle between vector dx and its projection on the base in 2-plane 
formed by dx. and 5x. 

Thus, semi-Riemannian geometry 3 V§ is defined by the set of objects 
described above with transformation properties ©-(U]). 

In order to avoid terminological misunderstanding let us stress that the 
fibering pr has nothing to do with the principal bundle, where some group 
acts on the fiber. In the last approach something similar to a tangent space 
(dx 1 , . . . , dx n ) is built on the space (x ,...,x n ) and then unified object 
(x , . . . , x n , dx 1 , . . . , dx n ) is regarded as having base (x , . . . , x n ) and fiber 
(dx , . . . , dx n ). In semi-Riemannian geometry the fibering "'takes place'" in 
the space (x , ... , x n ) itself. The reader should not confuse the terminology 
and methods of these different notions of fibering. 

3.2 Interpretation of semi-Euclidean geometry 3 R^ as classi- 
cal electrodynamics 

The fiber can be regarded as an "'inner space"' of a particle. The fiber 
geometry in semi-Riemannian space is completely defined by the metrics 
Qb^x 1 , ■ ■ ■ , x 5 ) and does not depend on the base metrics g fll/ (x , . . . , x ) 
(which is not the case in nondegenerate geometry). The remaining com- 
ponents 5^5 are functions of all coordinates x , . . . , x 5 . 

Let us impose on the space 3 V§ an additional condition, namely, the 
fiber has Euclidean geometry which does not depend on base co- 
ordinates x , . . . , x 4 . Then in a neighbourhood (instead of just one point) 
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there exists such coordinate system that all components of flagafhne connec- 
tion are equal to zero and ^555 = 0, ^5555 = 0, 85 g ^5 = 0, which implies 
555 = const = 1, 5 m5 = g^ 5 {x l , . . . ,x 4 ). 

With this additional condition the semi-Riemannian space of zero curva- 
ture (or semi-Euclidean space) can be defined. The base of semi-Euclidean 
space is Minkowskian space-time with coordinates x 1 = t, 
y, x 4 = z and metric tensor g^ u = diag(l, — 1, — 1, — 1, ). The fiber is Eu- 
clidean line {x 5 } and 555 = 1. Besides the metric flagtensor has nonzero 
components gus(t,x,y,z). Invariants (f7j).([5|) can be written in integral form 



•s- — \/t 2 — x 2 — y 2 — z 2 , t > y x 2 + y 2 + z 2 , 
s (2) = I a? 5 1 , t = x = y = z = 0. (10) 

Coordinate transformations consistent with the fibering are as follows: 

I (t,x,y,z) = V(t,x,y,z), 

\ x 5 = x 5 + f(t,x,y,z), 

where V is an element of the Poincare group and f(t, x, y, z) is an arbitrary 
function. 

The action of classical electrodynamics is invariant under Poincare (Lorentz) 
group and is defined up to adding the arbitrary function of space-time coor- 
dinates. It follows from (|lip that the fifth coordinate x 5 has similar property 
and therefore can be interpreted as the action. 

The 4-dimensional vector-potential of electromagnetic field is defined 
up to adding the gradient d^f of an arbitrary function of space-time coor- 
dinates. It follows from §6§ that the components 5^5 of metric tensor have 
just similar properties and therefore can be identified with vector-potential 
An = 5^5. Maxwellian field stress tensor is obtained in a standard way 
F/iu = 8^A U — 8 U A^. 

The action must be invariant under the automorphism group. Let us 
form it from the invariants ©,([9]) of semi-Euclidean space 3 Rf 

-B r B 



a I ds + b / ipds = S p + S int , (12) 
J A J A 
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where a, b are dimension factors. The third invariant / dx 5 = x 5 (x M ) ([8]) is 
an arbitrary function of space-time coordinates, therefore it can be omitted. 
For a = —mc, where m is the particle mass, c the light velocity we have 




i.e. the action for a free particle [H], §8. Taking into account we have 
J ijjds = J A^dx 11 + / dx 5 . The second term can be omitted, and for b = — |, 
where e is the electron charge, we obtain 

S int = -- [ A^dx", (14) 

C J A 

i. e. the action which describes the interaction of charged particle moving in 
a given electromagnetic field with this field [2], §16. 

There is no field action among geometrical invariants of the semi-Euclidean 
space 3 i?|. However there is the electromagnetic field stress tensor F^ u . 
Therefore, introducing a new postulate: the field action must be an 
invariant function of electromagnetic field stress tensor, we obtain 
in a standard way |14j . §27 

3f = ~J F^F^x. (15) 
Sum of the terms (fT3]) - (fT5]) 

S = S p + S int + Sf (16) 
gives the complete action for a particle in an electromagnetic field. 

3.3 3 V§ as space-time-electromagnetism 

In semi-Riemannian space 3 V^ 4 for invariantly selected coordinate system, 
where 555 = 1, the metric components g^(x) = A^x), x = (ar, x 2 , x 3 , x 4 ) 
are interpreted as 4-vector-potential of electromagnetic field. The pseudo- 
Riemannian metrics of the general relativity space 3 V4 is specified by the 
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components g fMU (x). The fiber geometry does not affect the geometry of the 
base 3 V4- 

To obtain gravitation field equations in the space its scalar curvature 
R is used instead of invariant ([7]). The variation of sum of the action for 
gravitation field [14j . §93 

where G is gravitation constant, g = det(g AtI/ ), and the action (fl"5j) for elec- 
tromagnetic field gives in result Einstein equations 

iV - -Rg^ + Ag^ = SirGT^, (18) 

where R^ = R^ pi j is Ricci tensor, curvature tensor Rp pu = <9 p r^ — d u T^ + 
r pr r ^- r ^r r p M is expressed by Christoffel symbols = lg nT (d u g TpL + d^g TU - d T g^ v ) , 
9^ T 9tu = $u-, R = Rn = g^ u Rufi is scalar curvature, A is cosmological con- 
stant, Tp U is energy- momentum tensor. Thus left hand side of Einstein 
equations is determined by the metrics g pu (x) and their right hand side is 
determined by the energy-momentum tensor of the system under consider- 
ation 

Tp, = gp P gu T T p \ (19) 

where 

TPT = h {~ FPVp - + \a pT F^F^ (20) 

is the energy- momentum tensor of electromagnetic field without charges. 

So the space 3 V^ gives rise to the standard equations for interactions of 
gravitational and electromagnetic fields demonstrating that their are incor- 
porated in the framework of semi-Riemannian geometry. 

3.4 Comparison with the Kaluza-Klein theories 

The unification of general relativity and electromagnetism within the frame- 
work of 5-dimensional geometry goes back to the papers [TJI2]- hi Kaluza- 
Klein type theories 4-dimensional pseudo-Riemannian space-time of general 
relativity is extended to 5-dimensional one by adding on extra dimension 
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responsible for electromagnetism [3llU[T3]. Since the fifth coordinate is in- 
troduced within the framework of pseudo-Riemannian geometry it can be 
superposed with any space-time coordinate by an automorphism and there- 
fore cannot model a new physical quantity. To avoid this difficulty the fifth 
dimension is supposed to be '"curled up small'" so that it cannot be directly 
considered as ordinary space or time dimension. Moreover, additional scalar 
field x appears as 555 = 1 + x in Kaluza-Klein type models. This scalar field 
modifies electromagnetic potential in such a way that it is everywhere reg- 
ular and is close to the Coulomb potential at all except very small length 
scales. 

The use of semi-Riemannian geometry 3 y 5 4 allows to overcome above 
mentioned difficulties, namely: 

1. The independence of g^ of x 5 follows from the geometrical axioms. 
It is possible, however not necessary, to suppose the fifth coordinate to be 
cyclic with very small radius. 

2. The independence of of x 5 follows from the additional assump- 
tion that the fiber has Euclidean geometry which does not depend on base 
coordinates. 

3. No scalar fields arise. 

4. Space-time and the fiber geometries can be taken absolutely indepen- 
dent of each other. 

5. Einstein equations in space-time impose no restrictions on extra co- 
ordinates. 

6. Gradient invariance of electromagnetic vector-potential is automati- 
cally a consequence of transformations of metric flagtensor components. 

7. The unified theory can be applied to the empty space-time of special 
relativity, where electromagnetic field is present. (This is not possible in 
pseudo-Riemannian case when 555 = 1, d^g^ = because of the formula 

= 29 M 9 5 ^5 - d 5 d 5 g^ - d^d^g^, which is not the case in semi- 
Riemannian geometry.) The action for charged particle interacting with a 
given electromagnetic field is the sum of invariants of semi-Euclidean geom- 
etry. 

8. The heuristic principle demanding that different physical quantities 
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should not be geometrically superposed by automorphisms is fulfilled. 

4 Semi-Riemannian space V§ with nilpotent fifth 
coordinate 

In the previous sections semi-Riemannian geometry was constructed for real 
objects as the structure consistent with fiberig. At the same time geometry 
with degenerate metrics can be realized with the help of nilpotent objects. 
In particular, fiber space can be obtained from Riemannian space by mul- 
tiplying fiber coordinates by nilpotent unit i, i? = 0. Similar approach had 
been useful for investigating group contractions [T5] . 

Let us obtain V§ from Riemannian space V5 by substituting lx 5 instead 
of x 5 . We shall demand that the following heuristic rules be fulfiled: for a 
real a the expression j is defined only for a = 0, however ~ = 1; furthermore 



Substitution x 5 — ► tx 5 induces another one — ► ig^, i. e. metric tensor 
has nilpotent components 



The nondegeneracy condition det(g a p) = det (5^)355 / implies nondegen- 
eracy in the base det(p AtI/ ) 7^ and in the fiber g 55 7^ 0. Inverse tensor g a/3 
is easily obtained from equations g^g^p = So and is as follows 



where g w g pv = 6$. For g^ = diag(l, -1, -1, -1) = , 555 = 1, we have 
9 15 = -915, 9 k5 = 9k5, k = 2,3,4. 

The entries D§ = of transformation matrix are substituted for 

D 5 = 7^r, i-e. = 0, and entries D% = are substituted for 




(21) 




(22) 




(23) 
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,dx 5 ' 

'da 

as 

(24) 



= • Therefore differentials of coordinate functions are transformed 

( (pi) o 





and coordinate transformations are consistent with fibering form ([S]),©. 
From general formula g a ipi = g a /sD^,Dg, for the metrics (|22l) with the help 
of matrix (|24p we obtain the transformations © of metric tensor. 

Invariants of semi-Riemannian space V5 are obtained from those of Rie- 
mannian space V5, namely 

ds = y g a pdx a dxP = \j g iiv dx^dx v + 1? {g^dx 5 dx 5 + 2g^dxf J, dx 5 ) = 

{y/ 1 g iiv dx^dx v = ds, if 3fi dx^ 7^ — length in the base, 
| = tds(2), if V/i dx M = — length in the fiber. 

Supplementary angle between general position vector <ix = (dx^, idx 5 ) and 
fiber vector <5x = (0, iSx 5 ) is deduced from the formula for sine of supple- 
mentary angle ip between vectors dx and 5x in Riemannian space 

,f ,x ■ , g a pdx a 5xP 

cos( = sini/) = — — (2b) 

2 |ctx||ox| 

by substitutions x 5 —>■ ix 5 , g^ — ► ig^s, ip — ► iV- As far as |dx| = 
^/g^ lu dx IM dx u = ds, \8x\ = iSx 5 , simip = tip (functions of nilpotent argu- 
ments are defined by their Taylor expansion ) and g a pdx a 5x^ = Lg a *,dx a 5x 5 = 
i8x 5 [g^idx 5 + ig^dx^) = l 2 5x 5 (g^dx 11 + dx 5 ) , then from ([26]) we have 

_ t 2 5x 5 {g^dx^ + dx 5 ) _ ( dx^ ^ dx 5 \ 
dsidx 5 \9y.h ^ s ds J 1 

what coincides with Q after cancelling l. 

The fact that the base geometry does not depend on fiber geometry 
comes automatically. Indeed, derivative \^-§^r is defined only for = 0, 
i- e. g liu {x l , . . . , x 4 ) does not depend on x 5 . 

In a similar way pseudo- Riemannian geometry 3 V4 in the base can be 
obtained from Riemannian one V4 by "'analytic continuation'" of locally 
orthogonal coordinates substituting ix k for x k , k = 2,3,4. 



13 



Let us note that recently the interest was shown to the problem of uni- 
fying gravitation with electromagnetism in a space with nilpotent fifth coor- 
dinate [12] . However semi-Riemannian geometry was not constructed there, 
therefore the scalar field is present in this theory and electromagnetic po- 
tential is everywhere regular. 

5 Conclusions 

R.I. Pimenov's unified geometrical theory of gravitation and electromag- 
netism is based on the multi-fibered semi-Riemannian geometry developed 
by himself. This theory is formulated taking into account the heuristic 
principle according to which physically different quantities cannot be su- 
perposed by automorphisms. In other words, for unification of gravitation 
(or space-time) with some other fundamental interactions (electromagnetic 
or possible weak) it is necessary to use D-dimensional fiber space {D > 4) 
with degenerate metrics. The base of this space is 4-dimansional pseudo- 
Riemannian space-time of general relativity and extra dimensions, which 
are responcible for other interactions, belong to the fiber. The particular 
case of single-fib ered semi-Euclidean space 3 i?| with one-dimensional fiber 
x 5 and 4-dimensional Minkowski space-time as the base is naturally inter- 
preted as classical electrodynamics. Both fundamental gravitational and 
electromagnetic interactions are incorporated in one semi-Riemannian ge- 
ometry 3 V^ 4 with general relativity space-time as the base of the fibering 
and one-dimensional fiber x 5 responsible for electromagnetism. 

Unlike Kaluza-Klein type theories, where fifth dimension appears in the 
context of nondegenerate Riemannian or pseudo-Riemannian geometry, Pi- 
menov theory based on semi-Riemannian geometry does not have restric- 
tions on admissible transformations of 5-dimensional space as well as addi- 
tional scalar field which modifies Coulomb potential at a small distances. 
The last property is not compatible with experimental data. 

5-dimensional semi-Riemannian geometry is formulated in real geomet- 
rical notions (coordinates, metric tensor components etc.) but can also be 
obtained from Riemannian geometry by using nilpotent fifth coordinate. 
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